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On the Analyticity of the Pressure
in the Hierarchical Dipole Gas
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The convergence of the Mayer expansion is proved by estimating directly the
convergence radius.
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1. INTRODUCTION

In ref. 1 the analyticity of the pressure in the dipole gas was proved by a
somewhat indirect method, ie., by methods not based on a direct C”
bound on the nth order coefficient of the Mayer expansion.

On the other hand, recently success has been met in finding direct C”
bounds on the nth-order coefficient of the Mayer series for the two-
dimensional Yukawa gas in the region Be(0, 6) [here B=a® will be
symbols denoting the inverse temperature; see refs. 2 and 3 for the unit
conventions; in ref. 2 the result is stated only for § <4r, but it is obvious
that the bounds obtained in fact imply that it holds for B e (0, 6x); in ref. 3
the result is obtained for f (0, 167/3) by a similar method].

With the above results in mind, we have tried to prove by direct
methods also the convergence of the Mayer expansion for the dipole gas,
with the aim of developing techniques eventually suitable to prove the often
conjectured convergence of the Mayer expansion for the two-dimensional
Coulomb gas at low temperature [i.e., for fe (8n, o0)].

So far we have been unable to understand the delicate cancellation
mechanism necessary to obtain the desired bounds: we have, however, been
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able to find the mechanism for the much simpler case of the hierarchical
dipole gas model introduced in ref. 4 and treated there by indirect methods.
The ideas stem from our technique for sharp estimates on the truncated
expectations for hierarchical models developed in ref. 3 and are exposed in
Section 3 below after a brief review of the notations.

2. THE MODEL

Let #,, k=0, +1,.., be a sequence of compatible pavements of R
with tesserae of size y*, where 7 is an integer greater than 1. If 4 € Z,, we
imagine it divided in two halves and set u*’= +1 if x is a point of 4 in
the left or the right half. To each 4 we associate a Gaussian variable z, so
that &(z3)=1, &(z,z,)=0 for A#4". Let

[ee]

=2 7 Pz, (2.1)

k=0

where 4% is the tessera of size y* containing x. This is the hierarchical
dipole field introduced in ref. 4.

The hierarchical dipole gas partition function at volume A, activity 4,
and inverse temperature f = a® is‘¥

f n (9%21—/"2/2 dzA) exp </1 L dx cos oc(px> (2.2)

If we define

Q¥ =y 0z
we can write
Z,= lim Exbp & {exp [1[ dxcosocq)“m}} (2.3)
R—- x
where
R
PSR =Y o® (24)
k=0

and &, is the integration over ¢*).

3. THE BOUND

By induction one easily proves (see refs. 2, 5, and 6, §12, for similar
calculations) that

logZ,=Y % [H %GXp (’—E;Ufﬂ

9 {hploes Li=1

x 3 fdx1 {H [exp (-%2 U)] %} (3.1)

Ol,nop= 1 ved
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Fig. 1.

where 3 is a tree with root r (see Fig. 1)} and n> 1 endpoints labeled by
(x;,6,), i=1,.,n; v are the tree vertices (excluding the root and the
endpoints), out of which emerge s, branches; v’ is the vertex preceding v
and, for each vertex v, there is an integer label A, which is a summation
index subject to the condition

0<h,<h, (3.2)
We explain now the meaning of the other symbols used in Eq. (3.1).

We say that the endpoint i belongs to v, iev, if i can be reached by
climbing the tree from v upward; then we define

0,=2 0, oP=3 oW, (3.3)
F, =& (exp(iag);...; exp(iogp)) (3.4)

where v, ,..., v, are the s = 5, vertices which follow v in the tree and &7 is the
truncated expectation with respect to ¢, and

hv' —1 hi—1

U= Y. &%), U=7Y &%) (3.5)

hA=hy+ 1 =0

where A, is the label of the highest vertex containing the endpoint i and the
rhs has to be interpreted as 0 if the sum is empty.

The integrals over the x; in Eq. (3.1) can be easily performed using the
independence of the z, variables (which implies that [], F, is identically
zero unless all the points belonging to v are located inside one and the
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same box A of size y*) and one gets for the pressure p(A) the explicit
expression

=3 3 [Mieo(-Su)]

9 {holyeg Li=1

x X {H V"”"“”“’[exp(—o—;Uurqu{} (3.6)

Glynon= *1 Lved v

where, if s=s, and A=h,,

1 . .
Fr=— % &7 (expliay "?u,0,,2);..; expliy”“?pu, 0, z))

23 Hi Hs
=&7(cos ay~?Q, z;...; cos ay ~#2Q, z) (3.7)

and &7 is the truncated expectation with respect to a Gaussian variable z
with &(z%) = 1. Therefore the problem is to find a good bound of F*. Let
w,=ay~??Q, and remark that [see also ref. 6, Appendix A, (A.6)]

&7(cos w,z;...; cos w,z)

al coswiz—1 coswyz—1
=<n wf>£T< el . )

2
i=1 wi wy

0 S, coswiz—1
‘)azl---axsl"géa(e"pzf"" W )

i=

0° il cosw;z—1
2y ___ % |4 oWz =2
)511._%10%([1]1[”, w2 D
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By this bound and Cauchy theorem we get

Frl< [ 1 (av—f”'”Qu,.)Z] (3s)log 2 (38)

i=1

Equations (3.6) and (3.8) and the positivity of U,., and U, imply

PAI<T 7Y H[(Coaz)*rdhvﬁni] (3.9)

8 {Mlees ved i=1

where n, denotes the number of endpoints belonging to v and C, is a
suitable positive constant.

Since ¥, 5,<2(n—1) and the number of trees is less than 2%, we
have, for some f-dependent C, >0,

P < X (Ci2)"sup T exp(n,y ) (3.10)
=1 Seln ved
v#F U

n

where I, is the family of trees with n endpoints, /, is the minimum value
of the label 4,, resulting from the condition (3.2), and v, is the first vertex
following the root.

We want now to show that, for some C >0,

G(9)= [] exp(n,y~%*)<C" (3.11)
ved
v#E UL

Given §, let I=1,; of course, />, for any v#wv,. The bound (3.11)
immediately follows from the inequality

G(3) e, =y y %2 (3.12)

that we shall prove by induction on /.
If /=0, then G(8) =1, since there is no vertex following vy; then ¢, = 0.
Suppose that (3.11) is true for /< m —1; then, if /=m and s=s

vy

G < [T exp(c, n,) exp(n,y ~*?) < [T exp(e,, 4 1n,) <exp(c,n) (3.13)

i=1 i=1

We want to stress that this result is strictly linked to the bound (3.8). The
usual tree graph expansion”’ applied to the truncated expectation in (3.7)
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does not allow us to take into account efficiently the cancellations implied
by the sum over the y,. The result would, in fact, be a bound of the type

F¥l < cs)(H|Q|)< ‘I'Q') ~ans (3.14)

i=1

which is much worse than (3.8) in the case of some trees.
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